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1. INTRODUCTION, DEFINITIONS, AND PRELIMINARIES 


Let S denote the class of (normalized) functions of the form: 


f(z) =z+ > anz” 
n=2 


which are analytic and univalent in the open unit disc U = {z:z € C and |z| < 1}. A function 
f(z) in S is said to be starlike of order «æ in U if and only if 


zf'(2) 
| FG) 


>a (ZEU; O0<a< 1). 


We denote by S* (æ) the class of all functions in S which are starlike of order a in U. 


A function f(z) in S is said to be convex of order «æ in U if and only if 


zf” (z) 
f'(@) 


afas ļ>a get osa<n. 


The present investigation was supported, in part, by the Natural Sciences and Engineering 
Research Council of Canada under Grant OGP0007353. And we denote by K (æ) the class of all 
functions in S which are convex of order a in U. We note that 


f(z) € K(a@) € zf'(z) E S*(a), (0S a <1). 


The classes S*(a) and K (æ) were first introduced by Robertson [1], and were studied 
subsequently by Schild [2], MacGregor [3], and Pinchuk [4] (see also [5]). 


The function 


Z 


EPEE (ZEU; O<a<1) 


Sa(Z) = 


is the well-known extremal function for S* (æ). Setting 


no (k-2 
Cn(@) = we (n EN \ {1}; N: = (1,2,3,..}) 


Sq(Z) can be written in the form: 


Sg(z) =Zz+ > Cn(æ)z”. 
n=2 


Then we can see that c, (a) is a decreasing function in @(0 < æ < 1) and that 


CO — 
J a 2 J 
; 1 
lim cp(@) = 41, («=5), 
n—-0o 2 
0 ( >5) 
, a 5) 


Let f * g(z) denote the Hadamard product of two functions f(z) and g(z), that is, if f (Z) is 
given by (1.1) and g(z) is given by 


g(z)=z+ y Dyz” 
n=2 


then 


f*g(z)=z+ > anbnz”. 
n=2 


Let R(a, F) be the subclass of S consisting of functions f (Z) such that 
f * Salz) ES”), (OS a<1;0<f6 <1) 
Further, let C (æ, f) be the subclass of S consisting of functions f (Z) such that 
zf'(z) ER(a,B), O0<a<1;0<ß<1). 
The class R(a, P) of a-prestarlike functions of order p was introduced by Sheil-Small et al. [6]. 


Let J denote the subclass of S consisting of functions of the form: 


co 


f(z) =z- 5 anz”, (an 2 0). 


n=2 


We denote by R[a, p] and C[a, f] the classes obtained by taking intersections, respectively, of 
the classes R(a, f) and C(a, P) with the class J; that is, 


Ria, Bl: = Ra, P) AT 
and 
Cla, B]: = Cla, PAT 


The class R[a, 6] was studied recently by Silverman and Silvia [7] and Uralegaddi and Sarangi 
[8]. The class C[a, p] was studied by Owa and Uralegaddi [9]. 


The following known results will be required in our investigation of the classes R[a, f] and 


Cla, p] 


LEMMA 1. (Silverman and Silvia [7]). Let the function f(z) be defined by (1.11). Then f(z) is 
in the class R[a, f] if and only if 


>, = B)en(@)an < 1-8. 
n=2 


The result is sharp. 


LEMMA 2. (Owa and Uralegaddi [9]). Let the function f(z) be defined by (1.11). Then f(z) is 
in the class C[a, B] if and only if 


o0 


>, n(n = B)en(@)an <1 -f 


n=2 


The result is sharp. 


2. OPERATORS OF FRACTIONAL CALCULUS 


We begin by recalling the following definitions of operators of fractional calculus (that is, 
fractional derivatives and fractional integrals) which were used by Owa [10,11] and (more 
recently) by Srivastava and Owa [12] (see also [13, p. 343]). 


Definition 1. The fractional integral of order A is defined, for a function f(z), by 


fO 


oto h g-o 


dg, (A> 0), 
where f (z) is an analytic function in a simply-connected region of the z-plane containing the 


origin, and the multiplicity of (z — @)471 is removed by requiring log(z — Z) to be real when z — 
¢>0. 


DEFINITION 2. The fractional derivative of order A is defined, for a function f(z), by 


1 a f fO 


DOE -a G- =g (0<A<1), 


where f (Z) is constrained, and the multiplicity of (z — 7)~* is removed, as in Definition 1. 


Definition 3. Under the hypotheses of Definition 2, the fractional derivative of order n + A is 
defined by 


DEC) ag e a PZ f C), (0 <A <1;n ENo:=NU {0}). 
0: 


Our first set of distortion properties of the class R[a@, B], involving the fractional integral operator 
D74, is contained in the following theorem. THEOREM 1. Let the function f (Z) defined by 
(1.11) be in the class R[a, f] withO < æ < 1/2 and 0 < £ < 1. Then 


1+4 = 
parol aan [1 -Gomqe ae 


FEDDU (2-B)A-a)(2 +2) 
and 
[Dz f| < T+A fı i (2—B)(1—a)(2 +A) 2 


for A > 0 and z E U. The results are sharp. 


Proof. Let 
F(z) =%(2+A)z7*D;7 f(z) 
7 5 r(n+ Dr +) 
i fairey 
n= 
=Z- > P(n)a,z", 
n=2 
where 


r(nt+ Dr(2 +A) 


OS eng ta) 


,A>0;neEN \ {1}) 
We note that 
0 < ®(n) < (2) => A>0; n EN \ {1}) 


and that 


1 
Cns1(@) = cn), (0 sas xin EN\ (13) 


by means of (1.6). Consequently, by using Lemma 1, we have 


(2-B)c2(@) Y an< Y (2=B)en(@)tn S 1-8 


n=2 n=2 
which implies that 


co 


re E = ER 
2(2— B)(1- a) 


n=2 


Therefore, by using (2.8) and (2.9), we find that 


co 


IFI > lzl- Plz? > an 


n=2 
=, 
2ll-G-pa-aara! 
and 
IFI <lel+OQ)2? X, an 
n=2 
< |z| + za Iz], 


(2—B)(1—a)(2 + a) 
which prove the inequalities (2.4) and (2.5) of Theorem 1. 


The equalities in (2.4) and (2.5) are attained by the function f(z) given by 


1+4 or 
Df = E ) 


a y 
r(2+ aI (2—pP)d—a(2+a)- 
or, equivalently, by 


E 1-£ 
f@)=2- Fa Raa ay 


Thus, we complete the proof of Theorem 1. 


In the same way, we can prove the following distortion theorem for the class C[a, 6] by using 
Lemma 2 instead of Lemma 1. 


THEOREM 2. Let the function f(z) defined by (1.11) be in the class C[a, P] with 0 < æ < 1/2 
and 0 < f < 1. Then 


- |z|1+4 1-6 
D"fOl = Fagay f “epa 0GA ll} 
and 
E |z|**4 1-6 
POl<rarnt tza=pa- oar" 


for A > 0 and z E U. The results are sharp for the function f(z) given by 


gita = B 


O = aral THA war” 


or, equivalently, by 


E 1-£ 
fasa- apao 


Next, we state and prove the following theorem. 


THEOREM 3. Let the function f (z) defined by (1.11) be in the class R[«, B] with 0 < æ < 1/2 
and 0 < £ < 1. Then 


|z|174 Lf 
D2f@| = T-A {2 “Qa pda =1 ll} 


and 


la LAB 
VOJE POZA) {2 tuspa o0 =a) ll} 


for 0 <A < 1 and z E U. The results are sharp. 
Proof. Let 


G(z) = T(2-— 2)z?D2f (z) 
O OTDR-a) , 
=z- 9, pi- A 


=z— YP(n)nanz” 


where 


(r2 — a) 


From (2.9) and Lemma 1, it follows that 


21-a) Y na, < (1-f)+2p(1-a)) a, < 
n=2 n=2 


Consequently, we have 


sT 


n=2 


Note also that 
1 


Therefore, by using (2.22) and (2.23), we observe that 


o0 


OI > lz- Yl?” nan 


n=2 
-£ 
sr gepa- oe a 
and 
IG@Z)| < |z| + Y(21z|? > na, 
< |z| + L |z|?. 


(2 -PA -a)(2 - 2) 


Thus, the proof of Theorem 3 is completed upon noting that the equalities in (2.18) and (2.19) are 
attained by the function f (z) defined by 


1-A = 
DO == E ) 


=la 
TOR (2—f6)(1-—a)(2 -A) 
or, equivalently, by the function f(z) given by (2.13). 

With the aid of Lemma 2, we can similarly prove the following theorem. 


THEOREM 4. Let the function f(z) defined by (1.11) be in the class C[a, B] with 0 < æ < 1/2 
and 0 < f < 1. Then 


Izit rp 
OESTE al “Wha way" 
and 
lz a 
PALOJE T-A {1 + apa ago) 


for 0 < A < 1 and z E U. The results are sharp for the function f(z) defined by 


1-A = 
DO == “an 


T-A) {2 “Ge pad=we=a- 


or, equivalently, for the function f(z) given by (2.17). 


3. A GENERALIZED FRACTIONAL INTEGRAL OPERATOR 


We now recall the following definition of a generalized fractional integral operator introduced by 
Srivastava et al. [14] (see also [13, p. 344]). 


DEFINITION 4. For real numbers 7 > 0,y, and 6, the generalized fractional integral operator 
iy as © of order 7 is defined, for a function f(z), by 


—n-Y 
TO 


O= Try | -0r (+y. -8m1-$) O, 


where f (Z) is an analytic function in a simply-connected region of the z-plane containing the 
origin with the order 


f(z) = O(z|9), @ — 0) 
e>m (0,y—6)-1 
and 


F(a, b;¢;z) = 5 Hadt h (ZEW, 


n=0 
(v)n being the Pochhammer symbol defined by 


rw +n) _ F (n=0) 


Om =- Ww +1) (tn-1), MEN) 


provided further that the multiplicity of (z — ¢)"~1 is removed by requiring log(z — @) to be real 
when z—¢ > 0. 


ReMarK 1. For y = —n, we readily have 


7,6 = 
Iz" fŒ) = Dz" f), (n > 0), 
where the fractional integral operator D72 (A > 0) is given by Definition 1 . 


In order to prove our results involving the generalized fractional integral operator iH 4 2 


require the following lemma due to Srivastava et al. [14]. 


, we shall 


LEMMA 3. If 7 > 0 and k > y — 6 — 1, then 


prô e r(k+1M(k-y+ô8+1) ae 


~Te—-y+blactn+o+1)- 
With the aid of Lemma 3, we prove the following theorem. 


THEOREM 5. Let n > 0,y < 2,ņn + 8 > —2,y — ô < 2, and y(n + ô) < 3n. If the function 
f(z) defined by (1.11) is in the class R[«, B] with 0 < æ < 1/2 and 0 < B < 1, then 


m5 SOIT eee cee 2 ee 

ee f(z z)| > T2- e a ama e ro aal 
and 

17,6 < TC- tD ERER aL E E AR 

a? f(z z)| < T2- Or Ea e DO 


for z E Up, where 


_ (u, (vy <1) 
Us = for (0 (y >1) 


The equalities in (3.5) and (3.6) are attained by the function f(z) given by (2.13). 


Proof. By using Lemma 3, we have 


r(2-y +ô T(n+1)l(n-yt+é+1 
py poy =— TRV t 9) ay So POA DOA y+ 84D ny 
; r2-y)r2+7+4+6) Z Tm-yt+1)m+n+6+1) 

Letting 

r2—y)r(2+n +ô) 5 

H = yg” 

(z) r(2 -y + 6) Z 0,Z f(z) 
=z— > h(n)ay,z” 
n=2 

where 


(2— y + ô)n-n! 


M Ce a eo 


» (n E N\ {13), 


we can see that h(n) is nonincreasing for integers n(n = 2), and we have 


2(2-y + ô) 


Therefore, by using (2.9) and (3.11), we have 


o0 


IHI = zl- Alz? Ý an 


n=2 
(1— p)(2—-y +9) 


7/2 
(2 -P)(1-a)(2-y)(2 +n +ô) 


2 |z|- 


and 
foe) 


HOL < lzi + ADI? Yan 


n=2 
1-B)2-y+6 

pees = DORI as 
(2 - P) -a)(2 =- y)(2 +n +ô) 
This completes the proof of Theorem 5 . 


Similarly, by applying Lemma 2 (instead of Lemma 1) to the function f(z) belonging to the class 
C[a, p], we can derive the following theorem. 


THEOREM 6. Letn > 0,y < 2,n+6 > —2,y — ô < 2, and y(n + ô) < 3n. If the function 
f(z) defined by (1.11) is in the class C[a@, B] with O < æ < 1/2 and 0 < B < 1, then 


r(2-y +ó l (1-P)C -y +9) il} 


17,6 = NEP 
ROETE ETEDI I= Ha a@a ners 


and 


r(2 — y + 8)|z|1Y (1-f£)(2-y+6) 
r2—-pratnt a 2(2-B)(1 —a)(2—-yy(2+n +0) ll} 


for z E Up, where Ug is defined by (3.7). The equalities in (3.14) and (3.15) are attained by the 
function f(z) given by (2.17). 


MOJE 


REMARK 2. For f = a, Theorem | and Theorem 3 would reduce immediately to the 
corresponding results obtained by Owa and Al-Bassam [15]. 


ReMARK 3. In view of Remark 1, upon setting y = —7 = —A in Theorems 5 and 6, we get the 
assertions of Theorems 1 and 2 , respectively. 
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